MATH 31B, LECTURE 1
FINAL EXAMINATION
JUNE 15, 2012

Name:

UID:

Signature:

TA: (circle one) Charles Marshak Theodore Gast Andrew Ruf
Discussion meets: (circle one) Tuesday Thursday

Instructions: The exam is closed-book, closed-notes. Calculators are not permitted. Answer each
question in the space provided. If the question is in several parts, carefully label the answer to
each part. Do all of your work on the examination paper; scratch paper is not permitted. If you
continue a problem on the back of the page, please write “continued on back”.

Each problem is worth 10 points.
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Problem 1: (Multiple Choice). Indicate your answer in the provided box.

1+27
(i) Evaluate the infinite series: Z 4_: ot
(a) 1 (b) 16/3 (c) 5/6 (d) 10/3 (e) 4/3
(ii) Evaluate the infinite series: Z n(n2+2)
n=1 a
(a) 3/2 (b) 2 (c) 1/2 (d) 3/4 (e) 1
(iii) Evaluate the infinite series: 1 — 14+ 4 — 1 + ... d

(a) 7/2 (b) ™! (C) 1/2 (d) /4 (e) 3/4

(iv) Evaluate the limit: lim /n2 + 1.
n—oo

d

(a) 1/2 (b) +o0 (c) 0 (d) 1 (e) 2

123 4-1-2% 7.4.1 4 10-7-4-1 4,
+ + x” + x

(v) Which diff. equation does y =1+ 3 6! 9! 12!

+ - satisfy?

b

@)y =2%% b))y =2y ()y' +ay —2?y=0 (d)y”" =y (e) None of these

Problem 2: (Multiple choice). Indicate the Maclaurin series (a-h) corresponding to f(z).

(i) f(2) = 535 h
(ii) f(z) = zIn(1 + x). d
(iii) f(x) = cosz?. a
(iv) f(z) = tan~! . g
(v) f(z) =sinzcosz. o
© ©0 nxQn < . (2n+1) 0 ooan
a) nz:;](—  (b) nz:;](—l) 5, (© T;)( ) 2t (d) HZ::Z( )" —
e 4n 2n+1 0 N $4n+2 e " x2n+1 o0 nx2n+1
HZO RS nzzo(_l) ot @ ;0(_1) 1 ;0(_1) 21



Problem 3: Evaluate the limits.
1 1
li —
(2) aclgll(lnx * 1- x)

(b) lim< i )
z—oo\ X + 2

Solution:
(a) We have
. 1 1 o 1l—az+Inz g .. —1+% . —x+1
Im(—+—— | =lim —— "="lim ———F— = lim
z—1\Inz 1—=z z—1 (1—x)ln3: x—>l—]nx—|—Tr z—1 —zlnz+1—x
L.H. .. —1 1
= llm —m— = —.
z—=1 —lnx—1-—1 2
(b) We have

Now compute

xX
Plugging in above we find lim < a ) =e 2
T+2

T—>r00
Problem 4: Let f(z) = (cosz)"% find f/(z).

Solution: We have f(z) = (cosz)?"® = etaneln(cosz) g

tanx In(cos ) tanx

f'(z) = [sec® xIn(cosz) — tanz - tanz|e = [sec? zIn(cos ) — tan® z](cos z)

Problem 5:
(a) Evaluate the indefinite integral / sin® () da.

R
(b) Evaluate lim sin®(x) da.
R—o0 R
oo
(c) Evaluate the improper integral / sin®(x) dx, or show that it diverges.
— 0o
Solution:
(a) We have
3 3
/singacdx:/(lcos2:v)sinxdx: /(1u2) du = % —u+C = COZ ’ —cosx + C,
where we have made the substitution v = cosz.
(b) We have
R 3 R 3R 3(—R
lim sindz dz = lim [ 2% cosx — lim 2T cos R—M—Fcos(—R) =
R—oo J_p R—o0 3 ye—p R—o

since we have cos(—R) = cos R for any R.



4
(c) We have

[e%s) 0 e’}
/ sin® 2 dx = / sin® z dx + / sin® z dx.
—00 —00 0

The second term is
R 3

R 3 R 1
lim sin®z dr = lim (COS T cos ac) — lim 2 cosR +-—-1
R—o0 /o R—o0 3 2=0 R—o0 3
f(R) = % — cos R does not have a limit as R — oo (for example since f(2nm) = —2/3 while
o
f((2n+ 1)7) = 2/3 for all n > 0), so this integral diverges and therefore / sin®(z) dx diverges
—0o0

as well.
0
Problem 6: Evaluate the integral: / e’V 1 — e dx.
—0o0

Solution: First make the substitution u = €%, du = e* dx:

0 1
/ ex\/lezl“:/ V1 —u? du.
—00 0

Now substitue u = sin 6, du = cos 6 db:

w/2 w/2 )
/ V1—u? du—/ 00829d0:/ $(14cos20) df = 1 (z+ 522) 3/2:%@/2—1—0)—0:%
0

Problem 7: 5

(a) Find the partial fractions decomposition of B YR
2

(b) Evaluate the indefinite integral: / 927+ 9

Solution:

(a) The partial fractions decomposition is
2 2 A Bxr+C

23— 222+ 22 x(22 - 22 +2) _E+x2—2m+2'
Note z2 — 2z + 2 is irreducible since (—2)? — 4(1)(2) = —4 < 0. So we need
A(z? —22+2)+Bx* +Cr=2=A=1,B=-1,C =2

So we find
2 2 1 2 —x

3 —222 + 22  x(2? - 2x+2) _x+:1:2—2:1:—|—2

[l by eseres:
=
x3—2x2+2x x2—2x+2

For the second integral complete the square 22 — 2z + 2 = (z — 1)2 + 1 and substitute u = = — 1:

2—x 1—u 1 u
——dx = du = du —
2 -2 +2 uz +1 u2 41 u2 41

=tan '(u) — iln(u® + 1)+ C =tan ' (z — 1) — ln’x—l +1|+C

(b)By part (a) we have




Combining with the formula above we find:

2
/x?’—2x2+2x dx = In|z| +tan*1(a;— 1) — %ln‘m2—2:1:+2| + C.

Problem 8: Determine whether the given series converges absolutely, converges conditionally or
diverges. You must carefully justify your answer.

(a) i(—m Sin<z>.

n=2
b 1" .
();:2( )4”—2”—71—1—1
Solution:

(a) First we check absolute convergence by using the limit comparison test with a, = sin(%),
b, = % We have

. ap . sin(%) . sinmx L.H .. TWCOSTZXL
lim — = lim 1 = lim = lim —— =.
n—00 bn n—00 (ﬁ) x—0 xT z—0 1

By the limit comparison test, it follows that ) a,, converges if and only if » | b,, converges, but ) b,
is the harmonic series which we know to be divergent. So the series does not converge absolutely.
Now let f(z) = sin(Z). We have f/(z) = =Fcos(Z) < 0 for z > 2. So f(z) is decreasing and
lim f(z) =sin0 = 0. By the Leibniz test, the alternating series

i(—l)”sm@ _ g;(—l)”f(n)

converges.
(b) Check absolute convergence by comparing a,, = W:Hl with b, = Z—i. We have

R n? 4 4n , 1
lim — = lim — = lim = lim T T
n—)oobn n—)oo4n—2”—n—|—1n2 n—oo 4™ — 9" —n + 1 n—)ool—an—Zlﬂn-FF

=1.

It follows that > a, converges if and only if > b,, converges. To determine if > b,, converges, apply
the ratio test:
b
lim n+1

n—oo

o (n+1)%24r a1\ 11
= lim ~———*— = lim s =
n—soo 4ntl  p2 n—00 n 4 4

so Y b, converges by the ratio test and hence Y a,, converges. So the series is absolutely convergent.

n

o0
_9)n
Problem 9: Determine the interval of convergence of the power series Z H
= 2" +n
Solution: Use the ratio test:
_ 9)n+l1 on 2 on 2 1+ g
im (z-2) i L |z—2| lim n = |z—2| lim —2%5 =|z—2|-%
n—oo| 27l + (n +1)2 (x —2)" n—oo 201 4 (n 4 1)2 n—oo 9 4 (n;'l) 2

By the ratio test this converges if [z —2|- 3 < 1 or |z — 2| < 2, and diverges if |z — 2| > 2. So the
radius of convergence is 2.
Now check the endpoints: 2 —2=0and 2+ 2 = 4. At x = 2 we have



I

2
o 2" +n
n

which diverges since lim

s = 1 # 0. Likewise at = 0 we have

Z(_l)ni
n=0 2n +n2

which diverges since the terms do not tend to 0. So the interval of convergence is (0,4).
Problem 10: Let f(x) = (1 + 2?)tan~!(z).

(a) Find the Maclaurin series for f(z).

(b) Find £(0).

Solution:
(a) We have
1+ 22)tan"L(z) = (1 + 22) i(—l)” p2ntl _ i(—l)" p2n+l N i(—l)n 22n+3
o 2n+1 o 2n+1 e 2n+1

( +1)x(2n+3) i~ r2n+3 o 1 1 S
_ _1)n £ 1) _ _1)" - n
z+ ) (DS +7§)( T x+z::( ) <2n+1 2n—|—3>x

n 2 mn
=2+ (-1) 2n + 1)(2n + 3) e

(b) The coefficient on z° in the series from (a) is (—1) 5=—25=a7 = =2. But this coefficient must

o) . o o (23+1)(23+3) ~ 63
be equal to —5;—, so it follows that f*)(0) = =5=.




